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Abstract-We express the Baker function and the r-function associated to each point of a certain 
infinite-dimensional Grassmannian in terms of Poincare series. We also express an infinite-dimensional 
version of finite-zone solutions of the Kadomtsev-Petvisshivili equation in terms of Poincare series. 
1. INTRODUCTION 
The T-function was discovered by Hirota as a means of generating solutions of soliton equations. 
Since then, it has been used to generate special solutions for several nonlinear evolution equations 
(see, e.g., [l]). In [2] Segal and Wilson constructed the solution of the KdV (Korteweg-de Vries) 
equation associated to each point of a certain infinite-dimensional Grassmannian. In that paper 
they described the Baker function $w(g, Z) and the r-function rw(g) associated to each subspace 
W belonging to the Grassmannian. 
It is well-known that finite-zone solutions of the KP (Kadomtsev-Petviashivili) equation can be 
expressed in terms of the Baker-Akhiezer function which is a special case of the Baker function 
of Segal and Wilson (see, e.g., [3]). In [4], Bobenko found a formula that expresses the Baker- 
Akhiezer function in terms of certain Poincare series which are automorphic forms of special 
type. 
The purpose of this paper is to generalize the formula of Bobenko and express the Baker 
function and the r-function of Segal and Wilson in terms of Poincare series. We also express 
an infinite-dimensional version of finite-zone solutions of the Kadomtsev-Petviashivili equation 
in terms of Poincare series. 
2. THE T-FUNCTION 
We shall review the definition of the r-function as described in [2]. Let H be the space of 
all square-integrable complex valued functions on the unit circle S’ = {Z E @ 1 IzI = 1) in 
the complex plane Cc. The space H has a natural orthonormal basis consisting of the functions 
{zk 1 k E Z}. We define the subspaces H+ and H_ to be the closed subspaces of H spanned by 
the basis elements {zk} with k > 0 and k < 0, respectively. Thus, we have H = H+ @ H_. Let 
Gr be the set of all closed subspaces W of H such that 
(i) the orthogonal projection p+ : W 4 H+ has finite-dimensional kernel and cokernel, and 
(ii) the orthogonal projection p_ : W --+ H_ is a compact operator. 
Thus, Gr is an infinite-dimensional Grassmannian and each space W E Gr contains a sequence 
{wi} called an admissible basis such that 
(i) the linear map ‘w : H+ 4 H which maps zi to wi is continuous and injective with 
w(H+) = W, and 
(ii) the matrix relating {p+(wi)} to {zi} differs from the identity by an operator of the trace 
class. 
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The map w : H+ + H described in (i) can be considered as the matrix 
w= w+ ( > w- ’ 
where w+ - I is of trace class. The matrix w is determined by W up to multiplication on the 
right by an Z+ x Z+ invertible matrix t such that t - I is of trace class, where Z+ is the set of 
positive integers. Let Z denote the space of Z+ x Z+ invertible matrices, and let W be the space 
of matrices w satisfying the condition (i). Then the space Gr can be identified with the quotient 
W/Z, and W becomes a principal I-bundle over the space Gr = W/Z. 
Let Det be the determinant bundle over Gr whose fiber over W E Gr is the top exterior 
power of W. Thus, the total space of Det is W XI C, where Z acts on @ by the determinant 
map det : Z + Cx, and the dual bundle Det” of Det has a canonical global holomorphic 
section c : Gr + Det given by a(W) = (w, det w+) where w is an admissible basis of W. Let 
Do = {z E Cc 1 ItI 5 1) be the unit disk, and let l? be the space of all real analytic functions 
f : S1 + cx which extend to holomorphic functions y : Do 4 Cx with y(O) = 1. If we assume 
that W is transverse to H-, then the r-f~~%n 7~ associated to W is the holomorphic function 
TW : I? -+ Cc defined bv ,. 
TW(Y) = 4-Y 
-‘W) 
-Y-‘4W 
for all y E F. 
3. THE BAKER FUNCTION 
Let W, r and H- be as in Section 2, and let Iw be the elements y E I such that y-‘W is 
transverse to H_. 
THEOREM 1. For each W E Gr there is a unique function $J)W : Iry x S’ + Cc such that 
(i) for fixed y E rw, the function z H $w(y,z) is in W, and 
(ii) $JW is of the form 
gJW(.yZ) = 7(2)(1 +~e,(w)? 
k=l 
where Q’S are analytic functions on Iw and can be extended to meromorphic functions 
on the whole r. 
PROOF. See [2, Proposition 5.11. I 
DEFINITION. The function $W in Proposition 1 is called the Baker function of W. 
PROPOSITION 2. For y E rw and < E @ with /<I > 1, we have 
$W(Y,O = r(z)T,-lw(qc) 
for all z E S’, where qc is a function defined by qc(.z) = 1 - z/C for z E @. 
PROOF. By [2, Proposition 5.141, we have 
From the equation (l), we obtain 





TW(7.Q) = qcI 
. yb(W) . 
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Hence, we have 
On the other hand, we obtain 
a(Q7-‘W) 
r+w(qc) = -1 
4< g(Y-‘w) 
from the equation (1). Thus, the proposition follows. I 
4. POINCARI? SERIES 
Let Da be the unit disk with center at the origin in the complex plain C as in Section 2. The 
group Aut(&) of automorphisms of Do can be identified with the group 
PSL(2, Iw) = sL(2,lK)/{+l} 
that operates on Dc by linear fractional transformations. Let G c Aut(Ds) be a discrete subgroup 
such that the quotient X = G\Do is a compact Riemann surface. Let x : G + 5” be a character 
of G, i.e., a homomorphism of G into the multiplicative group S1 = {Z E C / 1.z = 1) c Cx of 
complex numbers of modulus 1. A meromorphic function F(z) on Do is an avtomorphic form 
of G of weight r with character X if 
F(hz) = x-l(h)(chz + d/JTF(Z) 
for all h E G and 2 E Do, where 
E PSL(2, Iw). 
Given a bounded meromorphic function f(z) on Do, we define the Poincare’ seT_ies p3,(z, x) by 
p,(q x) = c x(h)f(h*) . 
hEG (chz + dhjT 
It is known that the series converges for r > 4. If the series converges, then it can be easily shown 
that P,.(z, x) is an automorphic form of G of weight r with character X (see e.g, [5]). 
5. RIEMANN SURFACES 
Let 5, be a nonsingular point of the Riemann surface X = G\Do, and let z-l be a local 
parameter on X near x,. We assume that z is an isomorphism from some closed neighborhood 
X, of xm in X to the disk D, = {+z E Cc U {cm} 1 1.~1 > 1) in the Riemann sphere. We identify 
the unit circle S’ with its inverse image in X under Z, and denote by Xc the complement of 
the interior of X,. Thus, the closed sets X, and Xc cover X, and S’ = X, n X0. Let g be 
the genus of the Riemann surface X and let 2) = {PI, . . . , Pg} be a fixed nonspecial positive 
divisor on X such that the points Pi lie outside the disk D, c X (see e.g. [6, Section 2.21 for 
the definition of divisors). In this section, the space W E Gr will be the closure of the space of 
analytic functions on S’ which extend to meromorphic functions on Xc that are regular except 
for possible simple poles at the points Pi. 
Let al ,... ,ag,bi ,... , bg be a fixed canonical basis of oriented cycles in X. For each positive 
integer k, let wk be a differential of the second kind on X which has zero a-periods, is regular 
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except for a singularity at x, with principal part d(z”), and has purely imaginary periods iwE 
with w:(h) E Iw for each h E G. We consider the functions y E FW of the form 
~(4 = exp ($Jti Jrl w.J, 
j=l 
In this case, we shall write $w(t, Z) for the Baker function $w(y, z). Let N = (r - l)(g - 1) and 
let pr(z, x), . , m,“k xl b e a basis in the space of automorphic forms of weight T without poles 
in X. Consider N - 1 points ~1,. . . , zN_1 of X in general position. There are functions crk(t) 
and constants & (k = 1,. . . , N) determined up to constant common factor by 
forj=l,... ,N-1,whereXi isacharactorgivenby 
for all h E G. 
THEOREM 3. The Baker function +w(t, z) is given by 
(3) 
(4) 
where H(t) is a normalizing factor independent of Z. 
PROOF. Let cp(t,Z) be the right hand side of the equat,ion (3). Since z-l is a local param- 
eter near a nonsingular point 2, of X, cp(t, 2) satisfies the condition (ii) of Theorem 1 for 
Y (z) = exp (C,“=r t, .& wj) if the normalizing factor H(t) is chosen appropriately. Thus, 
it is enough to show that p(t, Z) satisfies the condition (i) in Theorem 1. Since X = G\Oe 
is a compact Riemann surface, X does not contain any elliptic points or cusps; hence, the de- 
nominator of the quotient in cp(t, z), which is an automorphic form of weight r, has r(g - 1) 
zeros by Theorems 2.3.3 and 2.3.5 in [G]. The relations (2) imply that the points ~1,. . , ZN-1 
are zeros of both the numerator and the denominator of that quotient. Therefore, cp(t, 2) has 
r(g - 1) - (N- 1) = g poles in general position. Hence, for fixed vector t> the function z H p(t, 2) 
is in W. Thus, cp(t, z) satisfies the condition (i) of Theorem 1. I 
REMARK. The formula (4) in Theorem 3 reduces to Theorem 2 of Bobenko in [4] if tl = x, 
t2 = y, t3 = t and tj = 0 for j > 4. Thus, it generalizes Bobenko’s result. 
COROLLARY 4. Let < E @ with ICI > 1 and let 4~ be the function defined by q<(z) = 1 - z/c for 
z E c. Then we have 
r,_lw(sc) = c,“=, ak(t)@!(zlX1) t H(t) 
CL, P/d-$(& Xl) ’ 
where y(z) = exp(Ccr tj J;. wj). 
PROOF. The Corollary follows immediately from Proposition 2 and Theorem 3. I 
6. CONCLUDING REMARKS 
It is well-known that finite zone solutions of the KP equation can be expressed in terms of 
the Baker-Akhiezer function described in [4]. An infinite-dimensional version of such solutions 
associated to W E Gr is given by 
d 82 
u&t) = -2x cl(t) = 2z logrw 
1 1 
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if @w(t) = (CZ t,J” 3 I 3 pOwj)(l + CrI”=, ck(t)zek) (see [2, (5.19)]). We can use this and the 
equation (4) to obtain an expression of ~w(t) in terms of Poincark series as follows: 
uW(t) = -2; 2 1% &k(t)&& xl) . 
k=l z=o 
REFERENCES 
1. R. Carroll, Topics in S&ton Theory, North-Holland, Amsterdam, (1991). 
2. G. Segal and G. Wilson, Loop groups and equations of KdV, Pub. Math. I.H.E.S. 91, 5-65 (1985). 
3. B. Dubrovin and S. Natanson, Heal theta-function solutions of the Kadomtsev-Petvishivili equation, Math. 
USSR Izv. 32, 269-288 (1989). 
4. A. Bobenko, Finite-zone solutions in terms of automorphic functions. The Kadomtsev-Petvishivili equation, 
J. Soviet Math. 29, 1101-1110 (1985). 
5. J. Lehner, Discontinuous Groups and Automorphic Functions, Amer. Math. Sot., Providence, (1964). 
6. T. Miyake, Modular Forms, Springer-Verlag, New York, (1991). 
An 6:4-C 
